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Abstract
We revisited the analytical solutions for the tidal circulation in an idealized, frictional, elon-
gated, rotating, and enclosed basin. The parameters in the tidal model with a single vertical layer
and two vertical layers, including the ratio of basin width to length and the relative position of
the upper layer, are corrected and modified from [5, 6].
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I. INTRODUCTION
Periodic tidal elevations generate significant tidal currents over the continental shelves
and in channels. As one of the classic research topics in coastal oceanography and engi-
neering, the circulation in an enclosed basin has drawn attention with respect to geophys-
ical fluids and their complexity, including circulations associated with density gradients
between fresh water and sea water and relevant mixing along with tides [e.g., [1–6]].
The analytical solutions for the tidal circulation in an idealized, frictional, elongated,
rotating, and enclosed basin, which has constant width and length and varying depth,
have been investigated with the conservation of mass and momentum for the primary
tidal constituents [e.g., [4–6]]. A single-layer model and a two-layer model with lin-
earized momentum equations simulate the barotropic and baroclinic tidal currents, re-
spectively. Although these solutions are derived from an idealized model, they are in-
structive tools to understand the circulation and relevant dynamics.
In this paper, we summarize the tidal circulation in an enclosed basin using idealized
single-layer and two-layer tidal models along with minor corrections and modifications
from [5, 6].
II. AN IDEALIZEDMODEL AND ANALYTICAL SOLUTIONS
A. Model configuration
The circulation in a frictional, elongated, rotating, and enclosed basin is revisited with
an idealized two-layer model forced by oscillating sea surface heights (e.g., tides) with
minor corrections and modifications from [5, 6]. The basin has dimensions of length
L∗, width 2B∗, and maximum depth H∗ (H∗ ≪ L∗, 2B∗). The dimensional linearized
momentum equations in the channel (x) and lateral (y) directions of the basin under the
pressure gradients and stress divergence are given by,
∂u∗
∂t∗
− f ∗v∗ = −g∗
∂η∗
∂x∗
+ κ∗
∂2u∗
∂z∗2
, (1)
∂v∗
∂t∗
+ f ∗u∗ = −g∗
∂η∗
∂y∗
+ κ∗
∂2v∗
∂z∗2
, (2)
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where g∗ and κ∗ denote the gravitational acceleration and dimensional vertical eddy dif-
fusivity, respectively. Note that dimensional and non-dimensional variables are denoted
with and without asterisks, respectively. The momentum equations (Eqs. 1 and 2) are
non-dimensionalized with
t = σ∗t∗, (3)
x =
x∗
L∗
, (4)
y =
y∗
B∗
, (5)
z, h =
z∗, h∗
H∗
, (6)
σ =
σ∗L∗√
g∗H∗
, (7)
f =
f ∗L∗√
g∗H∗
, (8)
y¯ =
B∗
L∗
, (9)
δ =
√
2κ∗
σ∗H∗2
, (10)
where η∗, ξ∗, σ∗, f , y¯, and δ denote the surface elevation and interface fluctuation at the
entrance of the basin (x = 0), tidal frequency, non-dimensionalized Coriolis frequency
scaled by a ratio of the basin length to the Rossby deformation radius, aspect ratio of the
basin, and non-dimensionalized vertical eddy viscosity, respectively.
The non-dimensional baroclinic frequency (σˆ) is defined with the non-
dimensionalized density anomaly (ρ) and upper layer thickness (h¯);
σˆ =
σ√
ρh¯(1− h¯)
, (11)
where
3
ρ = 2
ρ∗2 − ρ
∗
1
ρ∗2 + ρ
∗
1
, (12)
h¯ =
h¯∗
H∗
, (13)
and the subscripts 1 and 2 indicate the variable at the upper and lower layers, respectively
(h¯∗ denotes the dimensional upper layer thickness).
Additionally, non-dimensionalized dynamic variables for the velocity components (u,
v, and w), surface elevation (η), and interface fluctuation (ξ) are given by,
u1,2 =
u∗1,2
ǫσ∗L∗
, (14)
v1,2 =
v∗1,2
ǫσ∗B∗
, (15)
w1,2 =
w∗1,2
ǫσ∗H∗
, (16)
η, ξ =
η∗, ξ∗
ǫσ2H∗
, (17)
where ǫ = C∗/H∗ denotes the ratio of the tidal amplitude at the basin entrance (C∗) to
the maximum depth. Then, the sea surface elevation is represented with
η = C∗N(y)Re
(
e−iσ
∗t∗
)
(18)
B. Momentum equations
The non-dimensionalized momentum equations in a two-layer model are formulated
as,
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(u1)t −
f
σ
y¯v1 = −ηx +
δ2
2
(u1)zz , (19)
(v1)t +
f
y¯σ
u1 = −
1
y¯2
ηy +
δ2
2
(v1)zz , (20)
(u2)t −
f
σ
y¯v2 = − (ηx + ρξx) +
δ2
2
(u2)zz , (21)
(v2)t +
f
y¯σ
u2 = −
1
y¯2
(
ηy + ρξy
)
+
δ2
2
(v2)zz , (22)
where the subscripts t, x, y, and z denote a partial derivative with respect to the given
variable (see Tables I and II for more details of corrected and modified equations).
To solve the momentum equations (Eqs. 19 to 22) in the complex number domain,
the complex amplitudes (U, V, N, and I) of the dynamic variables (u, v, η, and ξ) are
introduced as,
u1,2 = Re
(
U1,2e
−it
)
, (23)
v1,2 = Re
(
V1,2e
−it
)
, (24)
η = Re
(
Ne−it
)
, (25)
ξ = Re
(
Ie−it
)
. (26)
Then, the momentum equations at each layer are simplified as,
(U1)zz +
2i
δ2
U1 +
2 f y¯
σδ2
V1 =
2
δ2
Nx, (27)
(V1)zz +
2i
δ2
V1 −
2 f
σδ2y¯
U1 =
2
δ2y¯2
Ny, (28)
(U2)zz +
2i
δ2
U2 +
2 f y¯
σδ2
V2 =
2
δ2
(Nx + ρIx) , (29)
(V2)zz +
2i
δ2
V2 −
2 f
σδ2y¯
U2 =
2
δ2y¯2
(
Ny + ρIy
)
. (30)
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C. Analytical solutions
The analytical solutions of the current components (U and V) are
U = iqN Nx −
1
y¯
rN Ny + iρq
I Ix −
ρ
y¯
rI Iy, (31)
V =
i
y¯2
qN Ny +
1
y¯
rNNx +
iρ
y¯2
qI Iy +
ρ
y¯
rI Ix, (32)
where q and r denote friction and rotation, respectively. Two parameters (c+ and c−) are
introduced to simplify the friction and rotation terms at the surface and interface [e.g.,
[6]],
qN(z) = −
σ2
σ2 − f 2
+
σ
2(σ+ f )
cos c+z
cos c+h
+
σ
2(σ− f )
cos c−z
cos c−h
, (33)
rN(z) = −
σ f
σ2 − f 2
−
σ
2(σ+ f )
cos c+z
cos c+h
+
σ
2(σ− f )
cos c−z
cos c−h
, (34)
qI(z) =


σ[1−cos c+(h−h¯)] cos c+z
2(σ+ f ) cos c+h
+ σ[1−cos c−(h−h¯)] cos c−z
2(σ− f ) cos c−h
, −h¯ ≤ z < 0
− σ
2
σ2− f 2
+
σ[cos c+z−sin c+ h¯ sin c+(z+h)]
2(σ+ f ) cos c+h
+
σ[cos c−z−sin c− h¯ sin c−(z+h)]
2(σ− f ) cos c+h
, −h ≤ z < −h¯
(35)
rI(z) =


−σ[1−cos c+(h−h¯)] cos c+z
2(σ+ f ) cos c+h
+ σ[1−cos c−(h−h¯)] cos c−z
2(σ− f ) cos c−h
, −h¯ ≤ z < 0
− σ f
σ2− f 2
− σ[cos c+z−sin c+ h¯ sin c+(z+h)]
2(σ+ f ) cos c+h
+ σ[cos c−z−sin c− h¯ sin c−(z+h)]
2(σ− f ) cos c+h
, −h ≤ z < −h¯
(36)
where c+ and c− denote
c+ =
1+ i
δ
√
σ+ f
σ
, (37)
c− =
1+ i
δ
√
σ− f
σ
, (38)
respectively.
The vertically integrated transports at each layer are given by,
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⌊U1⌋ = iQ
N
1 Nx −
1
y¯
RN1 Ny + iρQ
I
1 Ix −
ρ
y¯
RI1 Iy, (39)
⌊V1⌋ =
i
y¯2
QN1 Ny +
1
y¯
RN1 Nx +
iρ
y¯2
QI1 Iy +
ρ
y¯
RI1 Ix, (40)
⌊U2⌋ = iQ
N
2 Nx −
1
y¯
RN2 Ny + iρQ
I
2 Ix −
ρ
y¯
RI2 Iy, (41)
⌊V2⌋ =
i
y¯2
QN2 Ny +
1
y¯
RN2 Nx +
iρ
y¯2
QI2 Iy +
ρ
y¯
RI2 Ix, (42)
where ⌊·⌋ indicates the vertical integration of the given variable, i.e.,
⌊U1⌋, ⌊V1⌋, ⌊u1⌋, ⌊v1⌋,Q1, R1 =
∫ 0
−h¯
U,V, u, v, q, r dz, (43)
⌊U2⌋, ⌊V2⌋, ⌊u2⌋, ⌊v2⌋,Q2, R2 =
∫ −h¯
−h
U,V, u, v, q, r dz, (44)
and
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QN1 = −
σ2h1
σ2 − f 2
+
σ3/2δ sin c+h1
2(1+ i)(σ+ f )3/2 cos c+h1
+
σ3/2δ sin c−h1
2(1+ i)(σ− f )3/2 cos c−h1
, (45)
QN2 = −
σ2h2
σ2 − f 2
+
σ3/2δ [sin c+(h1 + h2)− sin c+h1]
2(1+ i)(σ+ f )3/2 cos c+(h1 + h2)
+
σ3/2δ [sin c−(h1 + h2)− sin c−h1]
2(1+ i)(σ − f )3/2 cos c−(h1 + h2)
,
(46)
RN1 = −
σ f h1
σ2 − f 2
−
σ3/2δ sin c+h1
2(1+ i)(σ+ f )3/2 cos c+(h1 + h2)
+
σ3/2δ sin c−h1
2(1+ i)(σ − f )3/2 cos c−(h1 + h2)
,
(47)
RN2 = −
σ f h2
σ2 − f 2
−
σ3/2δ [sin c+(h1 + h2)− sin c+h1]
2(1+ i)(σ+ f )3/2 cos c+(h1 + h2)
+
σ3/2δ [sin c−(h1 + h2)− sin c−h1]
2(1+ i)(σ − f )3/2 cos c−(h1 + h2)
,
(48)
QI1 =
σ3/2δ(1− cos c+h2) sin c+h1
2(1+ i)(σ+ f )3/2 cos c+(h1 + h2)
+
σ3/2δ(1− cos c−h2) sin c−h1
2(1+ i)(σ− f )3/2 cos c−(h1 + h2)
, (49)
QI2 = −
σ2h2
σ2 − f 2
+
σ3/2δ [sin c+(h1 + h2)− 2 sin c+h1 + sin c+h1 cos c+h2]
2(1+ i)(σ+ f )3/2 cos c+(h1 + h2)
+
σ3/2δ [sin c−(h1 + h2)− 2 sin c−h1 + sin c−h1 cos c−h2]
2(1+ i)(σ− f )3/2 cos c−(h1 + h2)
, (50)
RI1 = −
σ3/2δ(1− cos c+h2) sin c+h1
2(1+ i)(σ+ f )3/2 cos c+(h1 + h2)
+
σ3/2δ(1− cos c−h2) sin c−h1
2(1+ i)(σ− f )3/2 cos c−(h1 + h2)
, (51)
RI2 = −
σ f h2
σ2 − f 2
−
σ3/2δ [sin c+(h1 + h2)− 2 sin c+h1 + sin c+h1 cos c+h2]
2(1+ i)(σ+ f )3/2 cos c+(h1 + h2)
+
σ3/2δ [sin c−(h1 + h2)− 2 sin c−h1 + sin c−h1 cos c−h2]
2(1+ i)(σ− f )3/2 cos c−(h1 + h2)
, (52)
h1 = min(h, h¯), and h2 = max(h − h¯, 0).
D. Derivation of coupled partial differential equations (PDEs)
The surface elevation and interface fluctuation are estimated from two vertically inte-
grated mass conservation equations in the entire water column and lower layer:
σ2ηt + ⌊u1⌋x + ⌊u2⌋x + ⌊v1⌋y + ⌊v2⌋y = 0, (53)
σ2ξt + ⌊u2⌋x + ⌊v2⌋y = 0. (54)
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With the complex amplitudes (Eqs. 25 to 24), these equations can be rewritten as
−iσ2N + ⌊U1⌋x + ⌊U2⌋x + ⌊V1⌋y + ⌊V2⌋y = 0, (55)
−iσ2 I + ⌊U2⌋x + ⌊V2⌋y = 0. (56)
Then, ⌊U1⌋, ⌊U2⌋, ⌊V1⌋, and ⌊V2⌋ can be eliminated by introducing expressions (Eqs.
43 and 44) to obtain a coupled set of partial differential equations (PDEs) for the surface
elevation and interface fluctuation:
(QN0 Nx)x +
1
y¯2
(QN0 Ny)y −
i
y¯
[(RN0 Nx)y − (R
N
0 Ny)x]− σ
2N
+ ρ
[
(QI0 Ix)x +
1
y¯2
(QI0 Iy)y −
i
y¯
(RI0 Ix)y +
i
y¯
(RI0 Iy)x
]
= 0, (57)
where the subscript 0 represents a sum of the given variables in the upper and lower
layers (e.g., Q0 = Q1 + Q2). The equation in the lower layer is given by,
(QN2 Nx)x +
1
y¯2
(QN2 Ny)y −
i
y¯
[(RN2 Nx)y − (R
N
2 Ny)x ]
+ ρ
[
(QI2 Ix)x +
1
y¯2
(QI2 Iy)y −
i
y¯
(RI2 Ix)y +
i
y¯
(RI2 Iy)x
]
− σ2I = 0. (58)
E. Boundary conditions
The coupled PDEs require boundary conditions for the surface elevation and interface
fluctuation as the complex amplitudes,
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N = N0(y) at x = 0, (59)
Ix = 0 at x = 0, (60)
Nx = Ix = 0 at x = 1, (61)
Ny = 0 at y = ±1, (62)
Ny + ρIy = 0 at y = y˜, (63)
where N0(y) and y˜ indicate the tidal forcing along the entrance of the bay and locations
of the lateral boundary of the interface, respectively.
In addition, the boundary conditions are given at the interface (z = −h¯; Eq. 13),
U1 = U2, (64)
V1 = V2, (65)
(U1)z = (U2)z , (66)
(V1)z = (V2)z , (67)
and on the bottom (z = −h),
U2 = V2 = 0. (68)
F. Corrections and modifications of the tidal model
The idealized model and analytical solution of [5, 6] shares the same governing equa-
tions, and the surface elevation can be expanded as;
(QN0 Ny)y − iy¯[(R
N
0 Nx)y − (R
N
0 Ny)x] + y¯
2[(QN0 Nx)x − σ
2N] = 0. (69)
The asymptotic expansion of the surface elevation is given by,
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N = N(0) + y¯N(1) + y¯2N(2) + ... (70)
= N(0) + y¯N(1) + O(y¯2). (71)
The analytical solutions are constituted with zeroth-order [N(0)] and first-order [N(1)]
solutions, which correspond to tidal forcing and rotation associated with the Coriolis
force, respectively. The zeroth-order and first-order solutions are substituted to the gov-
erning equation (Eq. 57) under a barotropic condition (ρ = 0) by multiplying all terms by
y¯2 to all terms. The governing equations sorted by the order are given by,
QN0
(
N
(0)
y
)
y
+
(
QN0
)
y
N
(0)
y + y¯Q
N
0
(
N
(1)
y
)
y
+ y¯
(
QN0
)
y
N
(1)
y
− iy¯
(
RN0
)
y
N
(0)
x − iy¯R
N
0
(
N
(0)
x
)
y
+ iy¯
(
RN0
)
x
N
(0)
y + iy¯R
N
0
(
N
(0)
y
)
x
− iy¯2
(
RN0
)
y
N
(1)
x − iy¯
2RN0
(
N
(1)
x
)
y
+ iy¯2
(
RN0
)
x
N
(1)
y + iy¯
2RN0
(
N
(1)
y
)
x
+ y¯2
(
QN0
)
x
N
(0)
x + y¯
2QN0
(
N
(0)
x
)
x
+ y¯3
(
QN0
)
x
N
(1)
x + y¯
3QN0
(
N
(1)
x
)
x
+ y¯2σ2N(0) − y¯3σ2N(1) = 0. (72)
The first-order equations are given by,
iQN0 N
(0)
y + iy¯Q
N
0 N
(1)
y + y¯R
N
0 N
(0)
x + y¯
2RN0 N
(1)
x = 0 at y = ±1. (73)
Other equations are given by,
(
iy¯QN0 N
(1)
y + y¯R
N
0 N
(0)
x
)
y
= 0, (74)
y¯QN0 N
(1)
y = iy¯R
N
0 N
(0)
x at y = ±1, (75)
N(1) = iN
(0)
x
∫ y
0
RN0
QN0
dy. (76)
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TABLE I: A comparison of the non-dimensionalized parameters, momentum equations, vertically integrated continuity equation (includ-
ing periodic solutions), periodic solutions, momentum equations for the periodic solutions, and vertically integrated transport (periodic
solutions) in [5], [6], and this manuscript. Note that subscripts 1 and 2 indicate variables at the upper and lower layers, respectively, and
subscripts t, x, y, and z denote a partial derivative with respect to the given variable.
Terms [5] [6] Current manuscript
t = ω∗t∗, x =
x∗
L∗
, y =
y∗
B∗
, t = σ∗t∗, x =
x∗
L∗
, y =
y∗
L∗
, t = σ∗t∗, x =
x∗
L∗
, y =
y∗
B∗
,
Non-dimensional
z, h =
z∗, h∗
H∗
, κ =
ω∗L∗√
g∗H∗
, f =
f ∗
ω∗
, z, h =
z∗, h∗
H∗
, σ =
σ∗L∗√
g∗H∗
, f =
f ∗L∗√
g∗H∗
, z, h =
z∗, h∗
H∗
, σ =
σ∗L∗√
g∗H∗
, f =
f ∗L∗√
g∗H∗
,
parameters u =
u∗
ǫω∗L∗
, v =
v∗
ǫω∗B∗
,w =
w∗
ǫω∗H∗
, u1,2 =
u∗1,2
ǫσ∗L∗
, v1,2 =
v∗1,2
ǫσ∗L∗
,w1,2 =
w∗1,2
ǫσ∗H∗
. u1,2 =
u∗1,2
ǫσ∗L∗
, v1,2 =
v∗1,2
ǫσ∗B∗
,w1,2 =
w∗1,2
ǫσ∗H∗
.
η =
η∗
C∗
, α =
B∗
L∗
. η, ζ =
η∗, ζ∗
ǫσ2H∗
, y¯ =
B∗
L∗
, ǫ =
C∗
H∗
. η, ζ =
η∗, ζ∗
ǫσ2H∗
, y¯ =
B∗
L∗
, ǫ =
C∗
H∗
.
Momentum equations
∂u
∂t
− fαv = −
1
κ2
∂η
∂x
+
δ2
2
∂2u
∂z2
,
∂v
∂t
+
f
α
u = −
1
α2κ2
∂η
∂y
+
δ2
2
∂2v
∂z2
.
∂u1
∂t
−
f
σ
v1 = −
∂η
∂x
+
δ2
2
∂2u1
∂z2
,
∂v1
∂t
+
f
σ
u1 = −
∂η
∂y
+
δ2
2
∂2v1
∂z2
,
∂u2
∂t
−
f
σ
v2 = −
(
∂η
∂x
+ ρ
∂ζ
∂x
)
+
δ2
2
∂2u2
∂z2
,
∂v2
∂t
+
f
σ
u2 = −
(
∂η
∂y
+ ρ
∂ζ
∂y
)
+
δ2
2
∂2v2
∂z2
.
∂u1
∂t
−
f
σ
y¯v1 = −
∂η
∂x
+
δ2
2
∂2u1
∂z2
,
∂v1
∂t
+
f
y¯σ
u1 = −
1
y¯2
∂η
∂y
+
δ2
2
∂2v1
∂z2
,
∂u2
∂t
−
f
σ
y¯v2 = −
(
∂η
∂x
+ ρ
∂ζ
∂x
)
+
δ2
2
∂2u2
∂z2
,
∂v2
∂t
+
f
y¯σ
u2 = −
1
y¯2
(
∂η
∂y
+ ρ
∂ζ
∂y
)
+
δ2
2
∂2v2
∂z2
.
Vertically integrated
∂η
∂t
+
∂⌊u⌋
∂x
+
∂⌊v⌋
∂y
= 0,
−iN + ⌊U⌋x + ⌊V⌋y = 0.
σ2
∂η
∂t
+
∂ (⌊u1⌋+ ⌊u2⌋)
∂x
+
∂ (⌊v1⌋+ ⌊v2⌋)
∂y
= 0,
continuity equations σ2
∂ζ
∂t
+
∂⌊u2⌋
∂x
+
∂⌊v2⌋
∂y
= 0.
Periodic solutions η = Re
(
Ne−it
)
, u = Re
(
Ue−it
)
, v = Re
(
Ve−it
)
η = Re
(
Ne−it
)
, ζ = Re
(
Ie−it
)
, u1,2 = Re
(
U1,2e
−it
)
, v1,2 = Re
(
V1,2e
−it
)
Momentum equations
(U)zz +
2i
δ2
U +
2 fα
δ2
V =
2
δ2κ2
Nx,
(V)zz +
2i
δ2
V −
2 f
αδ2
U =
2
δ2α2κ2
Ny.
(U1)zz +
2i
δ2
U1 +
2 f
σδ2
V1 =
2
δ2
Nx,
(V1)zz +
2i
δ2
V1 −
2 f
σδ2
U1 =
2
δ2
Ny,
(U2)zz +
2i
δ2
U2 +
2 f
σδ2
V2 =
2
δ2
(Nx + ρIx) ,
(V2)zz +
2i
δ2
V2 −
2 f
σδ2
U2 =
2
δ2
(
Ny + ρIy
)
.
(U1)zz +
2i
δ2
U1 +
2 f y¯
σδ2
V1 =
2
δ2
Nx,
(V1)zz +
2i
δ2
V1 −
2 f
σδ2y¯
U1 =
2
δ2y¯2
Ny,
(U2)zz +
2i
δ2
U2 +
2 f y¯
σδ2
V2 =
2
δ2
(Nx + ρIx) ,
(V2)zz +
2i
δ2
V2 −
2 f
σδ2y¯
U2 =
2
δ2y¯2
(
Ny + ρIy
)
.
Vertically integrated transport
⌊U⌋ =
i
κ2
P0Nx −
f Q0Ny
κ2α
,
⌊V⌋ =
i
κ2α2
P0Ny +
1
ακ2
f Q0Nx.
⌊U1⌋ = iQ
N
1 Nx − R
N
1 Ny + iρQ
I
1 Ix − ρR
I
1 Iy,
⌊V1⌋ = iQ
N
1 Ny + R
N
1 Nx + iρQ
I
1 Iy + ρR
I
1 Ix,
⌊U2⌋ = iQ
N
2 Nx − R
N
2 Ny + iρQ
I
2 Ix − ρR
I
2 Iy,
⌊V2⌋ = iQ
N
2 Ny + R
N
2 Nx + iρQ
I
2 Iy + ρR
I
2 Ix.
⌊U1⌋ = iQ
N
1 Nx −
1
y¯
RN1 Ny + iρQ
I
1 Ix −
ρ
y¯
RI1 Iy,
⌊V1⌋ =
i
y¯2
QN1 Ny +
1
y¯
RN1 Nx +
iρ
y¯2
QI1Iy +
ρ
y¯
RI1 Ix,
⌊U2⌋ = iQ
N
2 Nx −
1
y¯
RN2 Ny + iρQ
I
2 Ix −
ρ
y¯
RI2 Iy,
⌊V2⌋ =
i
y¯2
QN2 Ny +
1
y¯
RN2 Nx +
iρ
y¯2
QI2Iy +
ρ
y¯
RI2 Ix.
13
TABLE II: A comparison of the analytical parameters and vertically integrated continuity equation (periodic solutions) in [5], [6], and this
manuscript. Note that subscripts 1 and 2 indicate variables at the upper and lower layers, respectively, and subscripts t, x, y, and z denote
a partial derivative with respect to the given variable.
Terms [5] [6] Current manuscript
Analytical parameters
P0 =
h
f 2 − 1
+
δ tan [(1+ i)
√
1+ f h/δ]
2(1+ i)(1+ f )3/2
+
δ tan [(1+ i)
√
1− f h/δ]
2(1+ i)(1− f )3/2
,
f Q0 =
f h
f 2 − 1
+
δ tan [(1+ i)
√
1+ f h/δ]
2(1+ i)(1+ f )3/2
+
δ tan [(1+ i)
√
1− f h/δ]
2(1+ i)(1− f )3/2
.
QN1 = −
σ2h1
σ2 − f 2
+
σ3/2δ sin c+h1
2(1+ i)(σ+ f )3/2 cos c+h1
+
σ3/2δ sin c−h1
2(1+ i)(σ− f )3/2 cos c−h1
,
QN2 = −
σ2h2
σ2 − f 2
+
σ3/2δ [sin c+(h1 + h2)− sin c+h1]
2(1+ i)(σ+ f )3/2 cos c+(h1 + h2)
+
σ3/2δ [sin c−(h1 + h2)− sin c−h1]
2(1+ i)(σ− f )3/2 cos c−(h1 + h2)
,
RN1 = −
σ f h1
σ2 − f 2
−
σ3/2δ sin c+h1
2(1+ i)(σ+ f )3/2 cos c+(h1 + h2)
+
σ3/2δ sin c−h1
2(1+ i)(σ− f )3/2 cos c−(h1 + h2)
,
RN2 = −
σ f h2
σ2 − f 2
−
σ3/2δ [sin c+(h1 + h2)− sin c+h1]
2(1+ i)(σ+ f )3/2 cos c+(h1 + h2)
+
σ3/2δ [sin c−(h1 + h2)− sin c−h1]
2(1+ i)(σ− f )3/2 cos c−(h1 + h2)
,
QI1 =
σ3/2δ(1− cos c+h2) sin c+h1
2(1+ i)(σ + f )3/2 cos c+(h1 + h2)
+
σ3/2δ(1− cos c−h2) sin c−h1
2(1+ i)(σ− f )3/2 cos c−(h1 + h2)
,
QI2 =
σ2h2
f 2 − σ2
+
σ3/2δ [sin c+(h1 + h2)− 2 sin c+h1 + sin c+h1 cos c+h2]
2(1+ i)(σ+ f )3/2 cos c+(h1 + h2)
+
σ3/2δ [sin c−(h1 + h2)− 2 sin c−h1 + sin c−h1 cos c−h2]
2(1+ i)(σ− f )3/2 cos c−(h1 + h2)
,
RI1 = −
σ3/2δ(1− cos c+h2) sin c+h1
2(1+ i)(σ+ f )3/2 cos c+(h1 + h2)
+
σ3/2δ(1− cos c−h2) sin c−h1
2(1+ i)(σ − f )3/2 cos c−(h1 + h2)
,
RI2 = −
σ f h2
σ2 − f 2
−
σ3/2δ [sin c+(h1 + h2)− 2 sin c+h1 + sin c+h1 cos c+h2]
2(1+ i)(σ+ f )3/2 cos c+(h1 + h2)
+
σ3/2δ [sin c−(h1 + h2)− 2 sin c−h1 + sin c−h1 cos c−h2]
2(1+ i)(σ− f )3/2 cos c−(h1 + h2)
,
where c+ =
1+ i
δ
√
σ+ f
σ
and c− =
1+ i
δ
√
σ− f
σ
.
Vertically integrated (P0Ny)y − iα f [(Q0Nx)y − (Q0Ny)x]
+ α2[(P0Nx)x − κ
2N] = 0.
(QN0 Nx)x + (Q
N
0 Ny)y − i[(R
N
0 Nx)y − (R
N
0 Ny)x]− σ
2N
+ρ
[
(QI0 Ix)x + (Q
I
0 Iy)y − i(R
I
0 Ix)y + i(R
I
0 Iy)x
]
= 0,
(QN0 Nx)x +
1
y¯2
(QN0 Ny)y −
i
y¯
[(RN0 Nx)y − (R
N
0 Ny)x ]− σ
2N
+ρ
[
(QI0 Ix)x +
1
y¯2
(QI0 Iy)y −
i
y¯
(RI0 Ix)y +
i
y¯
(RI0 Iy)x
]
= 0,
continuity equation
(QN2 Nx)x + (Q
N
2 Ny)y − i[(R
N
2 Nx)y − (R
N
2 Ny)x]
+ρ
[
(QI2 Ix)x + (Q
I
2 Iy)y − i(R
I
2 Ix)y + i(R
I
2 Iy)x
]
− σ2 I = 0.
(QN2 Nx)x +
1
y¯2
(QN2 Ny)y −
i
y¯
[(RN2 Nx)y − (R
N
2 Ny)x]
+ρ
[
(QI2 Ix)x +
1
y¯2
(QI2 Iy)y −
i
y¯
(RI2 Ix)y +
i
y¯
(RI2 Iy)x
]
− σ2 I = 0.
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